Conformal invariance of scalar perturbations in inflation 
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In inflationary models where the source of scalar perturbations is not the inflaton, but one or 
more scalars with negligible coupling with the inflaton, the resulting perturbations are not only scale 
invariant, but fully conformally invariant with conformal dimension close to zero. This is closely 
related to the fact that correlation functions can only depend on the de Sitter invariant distances. 
These properties follow from the isometries of the inflationary de Sitter space and are thus completely 
independent of the dynamics. The 3-point function is fixed in terms of two constants, while the 
4-point function is a function of two parameters (instead of five as in the absence of conformal 
invariance). The conformal invariance of correlators can be directly checked in Fourier space, as we 
show in an explicit example. A detection of a non-conformal correlation function, for example an 
equilateral 3-point function, would imply that the source of perturbations is not decoupled from the 
inflaton. 



Inflation takes place in (an approximate) de Sitter 
space 



ds 2 = 



1 



H 2 rj- 



■(-dr/ 2 + dx 2 ) 



(1) 



whose isometry group is 50(4, 1). The time-evolving in- 
flaton background is homogeneous and rotationally in- 
variant, so that translations and rotations are good sym- 
metries of the whole system. The dilation isometry 
r] —t Xrj, x — >• Ax is also an approximate symmetry of 
the inflaton background in the limit in which its dynam- 
ics varies slowly in time. It is this isometry which guar- 
antees a scale invariant spectrum, independently of the 
inflaton dynamics. In Fourier space dilations act as 



A 



-3 



(2) 



so that the 2-point function is constrained to be of the 
form 

(Vg^) = (2vr) 3 ,5(fc 1 + k 2 )^F(k lV ) . (3) 

If perturbations become time-independent when out of 
the Hubble radius, the function F must be a constant in 
this limit and this gives a scale invariant spectrum 1 . 

Besides translations, rotations and dilations, de Sitter 
possesses three additional isometries 



rj — > rj—2rj(b-x) , x % 



— > x 



+b l {-j 1 2 +x 2 )-2x\b-x) , (4) 



parametrized by the infinitesimal vector b. These isome- 
tries, however, are not a symmetry of the inflaton back- 
ground as surfaces of constant inflaton value, i.e. of con- 
stant r\, are not mapped into themselves. Therefore infla- 
tionary correlation functions will not, in general, possess 
any additional symmetry. 



In this paper we point out that, when the leading 
mechanism which generates primordial perturbations is 
not the inflaton, but a different sector with negligible 
coupling with the inflaton, then the de Sitter isometries 
imply that the scalar correlation functions are not only 
scale invariant, but they enjoy full conformal symmetry, 
with an approximately zero conformal weight. This pa- 
per build on Q where the de Sitter isometries have been 
used to constrain the general form of the 3-point func- 
tion of gravitational waves and on Q, which discusses 
the conformal symmetry of scalar perturbations. Here 
we give physical examples in which this symmetry is re- 
alized and we will see that scalar perturbations have con- 
formal weight (close to) zero. Notice that our arguments 
are simply the de Sitter analogue of the standard state- 
ment that correlation function in Minkowski are Poincare 
invariant. 

The scenario that we want to study is quite general. 
During inflation we have a sector with negligible inter- 
actions with the inflaton 2 , composed of particles of ar- 
bitrary spin, mass and interactions. We are interested 
in the late time correlation functions of scalars, in par- 
ticular in the ones with a mass much smaller than H, 
as the others will decay quickly when out of the Hubble 
radius. When we are far out of the Hubble radius the 
transformation of the spatial coordinates in the isometry 
becomes 



x l + b l x 2 -2x l {b-x) 



(5) 



which is a special conformal transformation of the spa- 
tial coordinates. In this regime a scalar ip with mass m 
evolves in r\ as 



A 



1 



1 



4m 2 
9H 2 



(6) 



2 This separation is technically natural: the only mandatory in- 
*Electronic address: creminel@ictp.it teraction between the two sectors is gravity, so that loop effects 

1 This argument for scale invariance appeared in will be small, as suppressed by powers of Mp\. 
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Thus the ij transformation in eq. (HJ acts the same way a 
conformal transformation would act on a primary field of 
dimension A. The same holds for dilations and thus we 
conclude that the late time correlation functions, at equal 
time, are conformal invariant with conformal weight A. 
For fields with small mass we have A -C 1 ( 3 ). Notice that 
the logic above is only based on symmetry and therefore 
does not even require that the sector is weakly coupled 
at the scale H . This is completely analogous to what 
discussed in Q for tensor modes. 

An equivalent way to see these additional constraints 
is by noticing that correlation functions in de Sitter must 
be functions of the de Sitter invariant distance (see for ex- 
ample [4[), which for a pair of points (rji,Xi) and (rjj,Xj) 
reads 



Hi 



(7) 



In the limit in which points are at a distance much 
larger than the Hubble radius, the second term can be 
neglected so that correlation functions must depend on 
\xi — Xj\ 2 1 '(rjiTjj). This implies that the time-dependence 
of the fields in the long wavelength regime - which is re- 
lated to their mass - also fixes the dependence on the 
spatial coordinates. 

Perturbations of these scalars can easily feed into adi- 
abatic perturbations, through one of the standard con- 
version mechanisms (curvaton @, | , inhomogeneous re- 
heating using the SN formalism Q, the adiabatic 
curvature £ will be a local function of these scalar per- 
turbations. This introduces additional non-Gaussianitics 
in the observable correlation functions of £. However we 
will see that also these contributions are conformally in- 
variant, so that also the resulting correlation functions of 
£ are conformally invariant. 

As the 2-point function is already fixed by dilation 
symmetry, the constraints of conformal invariance are 
only useful for the higher-order correlators. In the fol- 
lowing we study the 3-point and the 4-point functions. 

3-point function. Let us consider the 3-point func- 
tion induced by an interaction 



d 4 x. 



— M o 



(8) 



Eventually we will be interested in the case of a mass- 
less scalar, but let us start assuming that (p has a mass 
rn = V2H, so that A = 1 in eq. ©, as the algebra is 
particularly simple in this case. Using the standard in-in 
formalism we get the 3-point function of ip 



2„3 



1 



fcifc 2 fc 3 



(9) 



where 77, corresponds to the time when the 3-point func 
tion is evaluated. Going to real space the 3-point funct'™ 
reads 4 



ion 



M^iM^M^)) 



2^3 



64tt 2 



1 



\x\ - X%\\X\ - x 3 \\x 2 - x 3 \ 
(10) 

We see that indeed this corresponds to the 3-point func- 
tion of a scalar with A = 1 in a 3d conformal field theory. 
The same result can be obtained using that the 3-point 
function can only depend on the dc Sitter invariant dis- 
tance \xi — Xj\ 2 /(r}irjj). Notice, first of all, that it is not 
possible with just three points to build from this a time- 
independent quantity (here we are not restricting to the 
same rj for the three points). As the long- wavelength 
time dependence is fixed by the mass of the field to be 
oc 77i?72?73, this fixes the spatial dependence to be propor- 
tional to eq. (fit))) . For general A, the 3-point function 
will behave as 



(</?(2i)^(x 2 M^3)) oc 



1 



X\ - X2\^\x\ - ^3| A |^2 - ^3| A 



(11) 

Let us now look at a massless scalar. In this case the 
result is [1] 5 

H 2 2M 



(n^nj = ( 2 ^) 3(5 (E^)fpfc3— • 



^2 fcf (-1 + 7 + log(-M*)) + kik 2 h - k f k J 



(12) 



where k t = J2i k i an d 7 i s l ne Euler's constant. Notice 
that (— l+7+log(— 77*)) multiplies an exactly 'local' term, 
i.e. of the form fc-f 3 /^ 3 + perm. The Fourier transform 
of this expression reads 



MR 2 



48tt 4 



\x\—ii\ |xi-f 3 | |x 2 -x 3 | (13) 
log — log — log ■ 



where A is a constant which can be evaluated numeri- 
cally: A ~ 2.95. As expected the result only depends on 
the de Sitter invariant distances between pair of points. 
To go to real space, we used the results of [3j , which stud- 
ies the Fourier transform of the general conformal 3-point 
function (ITT1) . In the limit A — > each power in eq. (JTTJ) 



can be expanded 



-A 



1 - A log \ xi 



and 



we get (neglecting terms which do not contribute to the 
Fourier transform at non-zero k's) a local shape, prod- 
uct of two logarithms in real space, and, suppressed by 
A, a product of three logarithms. In Fourier space, one 



3 Notice that one cannot consistently keep the deviations from 
scale-invariance induced by the small mass, as the corrections due 
to the deviation from exact de Sitter are in general comparable 
and cannot be accounted for in this context. 



4 Here and in the following we used the results of Q to move back 
and forth from Fourier space. 

5 The result in this paper contains a typo, as point out in [Toll . 
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can get rid of local terms by taking the derivative with scalars. First of all notice that we do not have to worry 
respect to all the three fc's: in doing this the local shape, about commuting derivatives: in de Sitter the Riemann 
whose three terms depend only on two momenta, cancels. tensor can be written in terms of the metric, so that it 
In this way we can check that the Fourier transform of just gives new operators with less derivatives to which the 
(|13p . coincides with (|12p . up to a local, ^-independent arguments can be recursively applied. Consider two co- 
term, which corresponds to A, whose value can be nu- variant derivatives whose indices are contracted. If these 
merically determined. derivatives act on different fields, one can do the same as 

Notice that eq. (TiUl) is not simply the limit A -> of we did to go from eq. (fTi)) to eq. (IT5j) . so that they end up 

the general conformal 3-point function (fTTj) . The reason on the same field. Then the operator is proportional to 

is that the two limits ry — > and A —> do not commute, the second order equations of motion and can be removed 

as the result (fTTl) contains corrections of the form (— rj) A , by a field redefinition. If the required field redefinition 

which are sensitive to the order of the limits. More phys- is local, we get the usual local shape, while if it con- 

ically, a massless scalar, which would be ^-independent tains derivatives it does not contribute to the asymptotic 

out of the Hubble radius, acquires a logarithmic time 3-point function as derivatives decay out of the Hubble 

dependence because of the cubic interaction. This log- radius. Therefore any cubic operator will only contribute 

arithmic time dependence, through de Sitter invariance, to the two shapes discussed above. Notice that the argu- 

fixes the 3-point function to have the form (TTBl . ment does not go through for higher correlators: the step 

Conformal invariance does not fix the constant A, as a from eq. to eq. (TJ5|) only works with three fields, 

local shape, which is a product of two logarithms in real In eq. §TZ§ the logarithm will be rather large, as it 

space, is separately invariant on its own. The 3-point describes the number of e-folds of evolution outside the 

function is determined up to two constants: the overall Hubble radius, until ip is finally converted to £. This will 

normalization and the local contribution. It is important dominate the 3-point function, which will thus be quite 

to stress that another source of local non-Gaussianity, close to a local shape. On symmetry grounds, we can 

which will contribute to the constant A, comes from the have a general linear combination of the two conformal 

non-linear relation between the scalar (or scalars) <p and invariant shapes. In the squeezed limit (in which one 

C- This gives a 3-point function for £ even in the absence of the modes, k L , is much smaller than the other two, 

of sizable cubic interactions for (p. k s ) this general shape goes as fcg 3 fc^ 3 logfcs/fc*, where 

The strong restriction imposed by conformal invariance K is a fixed scale. In the lucky case in which fc* lies 

on the 3-point function is at first puzzling. We can write in the observable window, one would have an interesting 

an infinite set of cubic interactions involving scalars: how effect for the scale-dependent bias [3 , as the bias would 

is possible that we always end up with the two shapes dis- depend logarithmically on the size of the objects we are 

cussed above? Let us see that one can always reduce to looking at, which fixes the short scale k s . 

zero the number of derivatives in a cubic interactions, 4-point function. Let us consider for instance a 

using field redefinitions 6 . Consider for instance an inter- massless, derivatively coupled scalar in de Sitter with a 

action among three scalars of the form quartic Hamiltonian coupling 




(14) 




(16) 



Integrating by parts this can be rewritten as 



— / d 4 a;v /3 5-(n^3^i<^2 - □¥>i¥>2^3 ~ Op 2 PiP3) ■ 




It is straightforward to calculate the 4-point function in- 
duced by this interaction using the standard in-in for- 
malism. The result is 



Now the interactions are proportional to the quadratic 
equation of motion (without a mass term) and there- 
fore we can reduce the number of derivatives doing a 
field redefinition. For example the field redefinition 
<P3 <P3 — 2if < /?i < /?2 eliminates the first interaction - or 
gets rid of its derivatives in the presence of a mass term 
- and analogously for the others. This field redefinition 
contributes a 3-point function with a local shape, so that 
the operator (TTJ} does not give a new shape. This argu- 
ment works also if additional derivatives are acting on the 



(15) 






+ 5 perm. 



(17) 



A similar argument restricted to the lowest order operators ap- 
peared in Hill . 



where the permutations act only on the last term. Of 
course there is little hope of Fourier transforming to real 
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space. However the constraints of conformal invariance 
can be checked directly in Fourier space, as explained in 
Q. Dilation invariance is trivial, while for the special 
conformal transformations of a A = field we have to 
verify that 

J2 [6? -d ka -b- k a B k \ +2k a -d ka (b- d ka ) 

o=l,2,3,4 

(n^n^kj = > ( 18 ) 

for any vector b. The prime indicates we have removed 
the Dirac delta from expression (|17|) and the equality 
holds only when the four vectors k a sum up to zero. It 
is straightforward, but lengthy, to verify this for (fTTjl . 
One can also check that the invariance would not hold if 
one considers separately the operators ip' 4 , ip' 2 (diip) 2 and 
(diip) 2 (diip) 2 . These operators appear separately when 
considering the inflaton Lagrangian, as there is a privi- 
leged time slicing. 

Additional contributions to the 4-point function will 
come from the non-linear relation between £ and the 
scalars, set by the details of the conversion mechanism. 
This induces two possible shapes, conventionally propor- 
tional to (?nl and tnl [13j |. It is straightforward to ver- 
ify that both these 4-point functions are scale invariant 
and satisfy equation (|18[) and are thus both conformally 
invariant. This is not surprising as the resulting trispec- 
trum is a function of the de Sitter invariant distances. 

The 4-point function of scalars of conformal dimension 
A takes the form 

F fT 1 ^ ± !W\TT -2A/ 3j (lg) 

where is the distance between point i and point j. It is 
a function of two variables, the harmonic ratios, instead 
of five variables as in the absence of conformal invari- 
ance. Notice that with four points, one can indeed build 
ratios of the de Sitter invariant distances which are time- 
independent, and thus not fixed by the time evolution. 
The spatial dependence one gets is, of course, the one 
of the harmonic ratios above. Derivative operators will 
give a 4-point function which is suppressed when one of 
the points, say 1 goes to infinity. In this limit the func- 
tion F becomes ^(7-24/7-34, 7-23/7-34), where the arguments 
are still generic, but they have to satisfy the triangle in- 
equality. We conclude that the function F can be large 



only when its arguments violate the triangle inequality. 
It would be interesting to study the most generic confor- 
mal 4-point function in Fourier space, as it is closer to 
data analysis. 

Notice that, even in the presence of couplings with the 
inflaton, it is still possible for the correlation functions of 
the additional fields to enjoy the full S0(4, 1) symmetry. 
This happens if the action for perturbations preserves 
an approximate Lorentz symmetry, with the (inevitable) 
Lorentz breaking terms suppressed by an energy scale 
which is higher than for the invariant ones [Tl| . 

The analysis of this paper has been restricted to infla- 
tion, but much of it can be applied to models in which 
the SO (4, 1) symmetry is not the isometry group of de 
Sitter, but the unbroken subgroup of the 4-dimensional 
conformal group 50(4,2) Ullllil; work is in progress 
in this direction. 

If experiments will detect primordial non-Gaussianity, 
our results will have clear implications. Correlation func- 
tions which are not conformal invariant cannot be gen- 
erated by a sector which is decoupled from the inflaton. 
Therefore the inflaton itself (or possibly some other field 
with a large coupling with it) must be responsible for 
the observed scalar perturbations. In particular a 3- 
point function of "equilateral" form, typical of inflation- 
ary models with small speed of sound (see for example 
[Iff), is not conformal and its detection would unavoid- 
ably tell us that the inflaton plays a role is producing den- 
sity perturbations. This nicely complements the general 
results one can prove for any single-field model, which 
constrain the behavior of the n-point functions of C in 
the squeezed limit pjHUj]. These consistency relations 
imply that a detection of a sizable correlation function in 
the squeezed limit would unavoidably tell us that density 
perturbations cannot be generated solely by the inflaton. 
These two complementary arguments will allow to derive, 
independently of any specific models, basic information 
about the mechanism responsible for primordial pertur- 
bations. 
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